Abstract. Diffusion Magnetic Resonance Imaging (dMRI) can be used to measure a time-5 dependent effective diffusion coefficient that can in turn reveal information about the tissue geometry. 6
and is a powerful tool to obtain information on the tissue microstructure. A major 23 application has been in detecting acute cerebral ischemia minutes after stroke [28, 42] . in R 3 (u g is called the diffusion-encoding direction). In the same vein, we can define 37 an effective diffusion coefficient in the direction u g by the following expression:
39
u g is the gradient direction. Each pulse has a duration δ, with the delay between the 48 start of the two pulses denoted ∆, and there is also a radio-frequency (RF) pulse to 49 affect a 180 degree spin reversal between the pulses (see Figure 1 ).
Fig. 1:
The Pulsed Gradient Spin Echo (PGSE) sequence. The effective sequence time profile shown here takes into account the 180 degree pulse.
50
In the ideal case, where the pulse duration is very short compared to the delay 51 between the pulses, δ ∆, called the narrow pulse case, it is easy to relate the 52 magnetization of spins to the diffusion propagator u(x, x 0 , t D ). Let us consider spins 53 initially located at x 0 . After the first pulse, the complex phase of these spins is 54 e iδγg·x0 , where γ = 42.576 MHz/Tesla is the gyro-magnetic ratio of the water proton.
55
Because the gradient magnetic field is turned off after the first pulse, the spins move 
74
Without the narrow pulse assumption, Eq. (3) does not hold exactly. Rather,
75
M (x, t) is governed by the Bloch-Torrey equation, which is a complex-valued diffusive
76
PDE:
where Ω 0 is the extra-cellular space and each of Ω j , j = 1, · · · , N , is a biological cell.
79
The vector ν is the exterior normal to the biological cells; · Γij , i, j = 0, · · · , N , i = j, 80 is the jump (the limit value in compartment i minus the limit value in compartment j) 81 on Γ ij , the interface between Ω i and Ω j ; κ is the membrane permeability coefficient; to diffusion (the imaging gradients are ignored),
where t s is the start of the first pulse and we made f (t) negative in the second pulse 88 to include the effect of the 180 degree spin reversal between the pulses. For simplicity,
89
since t s does not play a role in the results of this paper, we set t s → 0. For the same 90 reason, we set T E = δ + ∆ in this paper.
91
We note that the Bloch-Torrey equation needs to be supplemented by additional 92 boundary conditions on the sides of the imaging voxel. For example, periodic bound-
93
ary conditions on the boundary of the voxel would be an acceptable choice.
94
In the case of unrestricted diffusion in a homogeneous medium with a diffusion words, the total magnetization, takes the following exponential form [4, 16] :
98
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with the b-value defined as:
where 101 (10)
102
In particular, for the PGSE sequence,
103
(11)
elsewhere.
104
To adapt the definition of the effective diffusion coefficient to the non-narrow 105 pulse case, we make the following mathematical definition:
.
107
In the dMRI community, the above quantity is fitted using the experimental MRI in the above formula depends on the gradient direction u g and the temporal profile 112 f (t) but not on the gradient amplitude. In this paper, with the phrase "diffusion 113 time-dependent" we actually mean dependent on ∆ and δ.
114
The motivation of our work is the experimentally observed phenomenon (see [33] 115 and the references contained there) that the ADC depends on ∆ (and δ in the non-116 narrow pulse case), leading to the need to characterize the time-dependent ADC in 117 terms of tissue-related quantities over a wide range of diffusion time regimes. The 118 ultimate goal is of course the estimation of these tissue-related quantities from the 119 measured dMRI signal.
120
In this paper, we focus on the case of finite domains, where the membrane per-121 meability is small enough to have negligible effect on the effective diffusion coefficient,
122
which is related to the first order moment of the dMRI signal in the b-value (Eq. 12).
123
We note that this does not exclude the permeability from having an effect on the of a typical size R the diffusion becomes Gaussian as was shown in [29, 34] . In the 143 case of the PGSE sequence in the narrow pulse limit one gets
where C is a geometrical constant (for example, C = 1/4 for the reflecting cylinder Finally, an approach that is closely related to the work of this paper is the "ma- we obtained an homogenized model by starting from the Bloch-Torrey equation using 175 the following scaling relationship between the time (∆ and δ), the biological cell 176 membrane permeability (κ), the diffusion-encoding magnetic field gradient strength
177
(g), and a periodicity length of the cellular geometry (L):
where is a non-dimensional parameter. 
185
According to [14] , with the definitions of F (t) given in (11), the effective diffusion 186 coefficient in the compartment Ω can be obtained in the following way:
where
is a quantity related to the directional gradient of a function ω that is the solution
191
of the homogeneous diffusion equation with Neumann boundary condition and zero
192
initial condition: 
we will use the following two equivalent expressions for h(t):
where the second expression can be obtained by applying the divergence theorem to 
where ω(x, t) satisfied the diffusion equation with a forcing term and homogeneous 215 boundary condition:
it is well-known that ω(x, t) can be expanded in the basis of Laplace eigenfunctions.
221
Let φ n (x) and λ n be the L 2 normalized eigenfunctions and eigenvalues associated to 222 the Laplace operator with homogeneous Neumann boundary conditions:
226
We can write ω(x, t) in the basis of the eigenfunctions as
where the coefficients are
which coincide with the first moments of the eigenfunctions in the u g direction.
232
Finally, the solution to the diffusion equation is
and using properties of the eigenfunctions:
and the divergence theorem:
This leads to the final formula: 
and in the first pulse
between the pulses 
259
In the end, we obtain
264
In the narrow pulse case (δ ∆), we obtain as a single layer potential with a density µ defined on Γ,
where G(x, t) is the fundamental solution of the heat equation in free space given by 
is analytic in time if µ is. The single layer potential satisfies
Then the density µ is chosen to be a causal function and is determined by imposing 288 the Neumann boundary conditions:
where β(x 0 , t) is defined in (18). Using the jump properties of the traces of double 291 layer potentials, the integral equation to be solved for µ is then the following:
295 296 To compute h(t) from (19) we only need to evaluate ω(x 0 , t) = S[µ](x 0 , t) on the 300 boundary Γ. We write the density µ as the solution of (44):
and expand the operator (1 + 2K * ) −1 for short time t (corresponding with 2K * being 303 a contraction) as
307
This means in particular that
+ higher order terms.
(50)
310
We will now compute the first term on the right hand side of the above equation
311
to get an approximate expression for ω(x 0 , t) = S[µ](x 0 , t) and we will compute the 312 second term to get an expression for the error.
313
We note here that asymptotic results for small values of (t − τ ) concerning 
330 and for the operator K * it was shown that:
(53) would contain spatial derivatives on a two dimensional manifold.
336
For the PGSE sequence, β(x 0 , t) assumes the following three expressions in the 337 three time intervals:
First, using the definition (40) and the result (52) we obtain
341
Similarly, using the definition (45) and the result (53) we obtain
345 
352
Note for simplicity, we replaced α 1 (x 0 ) by α 1 (s) to indicate the local parametrization
353
of Γ around x 0 , as described previously.
354
To compute the above spatial integral we note the dominant contribution of the to obtain
where v = 4D 0 (t − τ ). We would like an asymptotic expansion of the above integral
359
The order O(v) term only occurs in α 1 and we do not need to take it into account 360 due to the anti-symmetry of e −r 2 r. So we compute the space integral to obtain
362
We now take the above expression and put it into the time integral to get
](x 0 , t):
Using the following property of the beta function (the Euler integral of the first kind)
we can compute t 0 1 (t − τ ) α 2 (τ )dτ exactly:
369 Therefore, the dominant asymptotic terms are:
371
where we computed the error term by evaluating (t − τ ) α 3 (τ )dτ , again using property of the beta function. Namely, for
(63)
377
Replacing the various expressions in (50) with the calculations we did above, we 378 obtain the approximation with the error bound:
2 + higher order terms.
(64)
380
Now using (64) we compute the approximate expressions of h(t) in each time-interval 381 with the corresponding errors in time.
382
In the first interval, we obtain
390
Between the pulses, we obtain
391
(69)
During the second pulse, we find
399 400
Finally, adding up the above expressions, we obtain that using the layer potentials with P and P err defined in (66) and (67), respectively.
411
We observe that, in the narrow pulse limit, δ ∆, the expression (73)
reduces to the formula given in [1, 9] . If Ω is an isotropic domain, then
which is the ratio of surface to volume divided by the space dimension d, exactly In the first pulse, t ∈ [0, δ], we have the same results as in the previous section, 427 namely,
428
(76)
429
Between the pulses, t ∈ [δ, ∆], the Neumann boundary condition in (18) is
and the initial condition is
The function ω(x, t) = ω(x, t) − δx · u g satisfies homogeneous Neumann boundary 434 condition and the initial condition
436
This means
with again φ n and λ n the Neumann eigenfunctions and eigenvalues associated to the
443
Laplace operator (n = 1, 2, . . . ). Thus, for t ∈ [δ, ∆],
449
During the second pulse, t ∈ [∆, ∆ + δ], we keep the solution from the previous 
which leads to 461 462
and 466 467
470
The effective diffusion coefficient for the compartment Ω assumes thus the form
In the narrow pulse limit, we get ω(x, t) in the first pulse: 
487
We recall that 
where e i is the i-th vector of the canonical basis of R d . As a consequence
and thus, if we want to average over all the possible directions, we are interested in 497 the integrals
499
We observe that, for all i, j = 1, . . . , d and i = j,
500
(96)
Therefore, what remains in the average are just the terms
i.e. simply the average over d perpendicular directions and then 
508
We use the fact that
and we define 511 (100)
i.e. the mean over d orthogonal directions of the square of the first moment along 513 these directions, and
514
(101)
d|Ω| .
515
In summary, the eigenfunction expansion in (36) gives 516 517
The single layer potential representation gives
The mixed approximation in (89) gives 
532
First we show the three approximations of h(t). We consider a 2D geometry of one contribution.
545
In the following plots we always indicate the reference quantity with a line, the 546 single layer approximation with squares, the eigenfunction approximation with circles 547 and the mixed approximation with asterisks.
548
In Figure 3 we considered δ = 5ms, ∆ = 10ms and u g = [1, 0]. As we can see This manuscript is for review purposes only. (asterisks) works sufficiently well during the two pulses but not between them. For 552 the eigenfunctions approximation, the fit is far from the reference quantity.
553
In Figure 4 we considered δ = 5ms, ∆ = 50ms and u g = [1, 0]. As we can see the 554 single layer approximation fits well the reference quantity during the first pulse and 555 until t ≈ 25ms, but after that, the approximation is no longer good. The eigenfunction 556 approximation is not good during the pulses but it becomes accurate at the end of 557 the interval between them. The mixed approximation fits well during the pulses and 558 is the same as the eigenfunction approximation between the pulses.
559
In Figures 5a and 5b 
562
In Figure 5c we show the average of D eff ave /D 0 along the two perpendicular directions.
563
Clearly, the single layer formula works well for at short ∆ + δ, the eigenfunctions 564 formula for long ∆ + δ.
565
To conclude, in Figure 6 we report the absolute error
for the same parameters as before in the two orthogonal directions. As we can see,
568
the single layer approximation is better at short times and the eigenfunctions approx- In this paper, we analysed the H-ADC model in the case of finite sub-domains.
580
In particular, we obtained three representations of the effective diffusion coefficient 
